In this paper, we will prove the Hyers-Ulam stability of the Butler-Rassias functional equation (1.1).
Preliminaries
We follow an idea of Rassias [8] to prove the following lemma. In Section 3, we apply this lemma to the proof of the Hyers-Ulam stability of the Butler-Rassias functional equation (1.1). 
for all x, y ∈ R, then M f := sup x∈R | f (x)| is finite and
for all x ∈ R.
Proof. If we replace x by x + z in (2.1), then we have
for any x, y,z ∈ R. Similarly, if we replace y by y + z in (2.1), then we get
Using (2.3) and (2.4), we obtain
for all x, y,z ∈ R. It follows from (2.5) that
for all x, y,z ∈ R.
It is easy to check that
Hence, in view of (2.6) and (2.1), we can now get
for all x, y,z ∈ R. If we set y = z = π/2 in the above inequality, then
for each x ∈ R.
If we assume that f were unbounded, there should exist a sequence {x n } ⊂ R such that f (x n ) = 0 for every n ∈ N and | f (x n )| → ∞ as n → ∞. Set x = x n in (2.9), divide both sides of the resulting inequality by | f (x n )|, and then let n diverge to infinity. Then, we have |d| ≤ ε which is contrary to our hypothesis, say ε < |d|.
Therefore, f must be bounded, and hence M f := sup x∈R | f (x)| has to be finite. Therefore, it follows from (2.9) that (2.2) holds for each x ∈ R.
Hyers-Ulam stability
In this section, using Lemma 2.1, we prove the Hyers-Ulam stability of the Butler-Rassias functional equation. 
holds for all x ∈ R and for some solution function f 0 of the Butler-Rassias functional equation.
Proof. Let 0 < ε < |d| and f a real-valued function on R which satisfies inequality (2.1). It follows from Lemma 2.1 that M f := sup x∈R | f (x)| < ∞ and that (2.2) holds for all x ∈ R. Put x = π in (2.2) to get
Furthermore, set x = y = π/2 in (2.1) to obtain
